Abstract-In this letter, a method is presented to numerically derive uniform theory of diffraction-like diffraction coefficients for canonical structures. To deal with the semi-infinite nature of these nonstandard structures, the coordinate stretching formulation of a perfectly matched layer is integrated into a method-ofmoments-based boundary integral equation solver. The method is validated for diffraction of a plane wave at a perfectly electric conducting (PEC) slab and further, by way of example, applied to a pencil-shaped PEC and a brick wall slab.
I. INTRODUCTION
T HE geometrical theory of diffraction (GTD) and uniform theory of diffraction (UTD) have found widespread use in the investigation of electromagnetic (EM) scattering at complex targets. The basic reasoning of these methods is to first seek scattering solutions, called canonical solutions, at simple geometrical details, called canonical structures. An example of such a canonical structure that has been extensively investigated in the past [1] - [3] is a wedge formed by two intersecting faces. The canonical solutions can then be combined to obtain an approximation of the scattering at complex structures.
One approach to obtain solutions for these canonical problems is to simplify the problem under consideration, e.g., by infinitely extending the faces that constitute the wedge, so that it can be solved analytically. UTD originally provided a high-frequency asymptotic solution for the diffraction at the tip of a perfectly electric conducting (PEC) wedge with infinitely extended faces [1] . Since then, solutions for many other canonical problems have been found, such as the diffraction at a pair of PEC wedges [4] , at a vertex formed by curved PEC wedges [5] and at a double wedge [6] . Recently, the physical theory of diffraction was used to obtain asymptotically valid solutions for plane-wave scattering at a rectangular PEC plate [7] . Unfortunately, the number of canonical structures that can be treated analytically remains very limited. One would expect to be able to harness a powerful numerical technique, such as the method of moments (MoM), to derive diffraction coefficients for a whole new category of canonical structures. However, the main challenge to deal with is the unavoidable truncation of the numerically modeled structure and the isolation of the desired canonical part. When truncating the faces of a wedge, for example, new, extraneous diffraction centers are introduced that make it hard to isolate the EM behavior of the tip under study from the total scattering pattern. One of the earliest approaches focused on the solution of scattering at a finite structure by the MoM, after which the current at extraneous scattering centers was truncated by a windowing function and the fields were calculated from the windowed currents [2] . This method allows dealing with more intricate canonical examples, with minimal computational requirements. However, the extraneous scattering centers on the finite structure still indirectly influence the results, as their presence is taken into account in the MoM interaction matrix. Another study investigated the use of the MoM currents to obtain the scattered fields without windowing, but by truncating at such a distance from the scattering edge under study that the effect of the extraneous scattering centers becomes negligible [3] , [8] . Although possible, the simulated structure needs to be hundreds of wavelengths long to minimize the influence of the extraneous centers. In [9] , the finite-difference time-domain method has been utilized to model the scattering at a straight wedge. In that contribution, a perfectly matched layer (PML) is invoked to effectively isolate the effect of a single scattering center. A disadvantage of this time-domain approach is that time gating is necessary to isolate the investigated diffraction effect. Yet another approach is to use the frequencydomain finite element method and to truncate the elongated object by a complex-coordinate stretching formalism of the PML [10] . This letter presents a new approach to study scattering at canonical objects by combining a boundary integral equation (BIE)-MoM solver with the complex coordinate stretching formalism of a PML. Section II presents the pertinent BIE problem and the necessary modifications for the addition of the PML absorbing boundary condition. Section III shows how diffraction at canonical structures can be studied by the novel MoM 1536-1225 © 2017 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications standards/publications/rights/index.html for more information. solver and verify the appositeness of the method for the canonical example of scattering at a PEC slab. Moreover, by way of example, we derive a numerical diffraction coefficient for the scattering at a PEC pencil-shaped scatterer and at a brick wall slab. Section IV gives some concluding remarks. We consider two-dimensional transverse magnetic (TM) problems and use the harmonic time dependence exp(jωt), with ω being the angular frequency.
II. FORMALISM

A. Boundary Integral Equation
Consider the geometry of Fig. 1 , in which a PEC or a (lossy) dielectric object with material parameters and μ is illuminated by a TM-polarized field with tangential field components e 
with being the permittivity of the dielectric object and k = ω √ μ the wavenumber inside the object. The wavenumber in the free-space background medium is denoted k 0 . The BIE system is solved for the unknown tangential field components e z and h t at the boundary C. G is Green's function for an observation point at r = xx + yŷ and a source at r = x x + y ŷ, i.e.,
and similarly for G 0 , the free-space Green's function. d(r, r ) is the Euclidean distance, given by (x − x ) 2 + (y − y ) 2 . C + and C − denote the boundary exterior and interior to the dielectric object, respectively. If the object is PEC instead of dielectric, only the unknown tangential magnetic field h t at the boundary C + remains. The unknown tangential electric field e z and the right-hand side of the BIE system (1)-(2) should then be replaced by zero. In order to solve the BIE system (1)- (2) , the boundary C is approximated by N linear segments with endpoints p i , (i = 0, . . . , N) . We employ a 
Galerkin MoM with pulse functions to approximate h t and as testing functions for (1) and hat functions to approximate e z and as testing functions for (2).
B. PML Complex Coordinate Stretching
To damp the influence of a particular part of the object, that part is placed inside a PML layer. Without any loss of generality, we assume it to reside at coordinates x > x 0 and the free-space/PML interface is chosen at x = x 0 . Contributions of the extraneous part are damped through the following stretching of the coordinates into the complex plane:
whereχ(x) is a continuous complex function of x. For x < x 0 , χ(x) = 1 andx reduces to x. It can be shown that for such a coordinate stretching, the impedance of the PML layer is matched to that of free space, thus avoiding reflections at the free space/PML interface. However, after discretization, reflections at the free space/PML interface are unavoidable [12] . If the imaginary part ofχ(x) is a monotonically decreasing function, plane waves propagating in the positive x-direction damp exponentially inside the PML layer. We use the nonlinear stretchingχ(
because of its good tradeoff between minimal
reflections at the free space/PML interface and rapid damping inside the PML layer [12] . The distance function d(r,r ) has now to be interpreted as d(r,r ) = (x −x ) 2 + (y − y ) 2 . The sign of the complex square root function is chosen thus to ensure a negative imaginary part for d(r,r ). Other geometrical quantities in the BIE system (1)-(2) have to be adjusted as summarized in Table I .
III. NUMERICAL RESULTS AND EXAMPLES
First, appropriate values for the parameters of the stretching functionsχ(x) and σ(x) are needed. Good accuracy for the fields at the free space/PML interface and high damping inside the PML layer at only 3λ 0 from the interface is obtained for m = 3, D = 4λ 0 , and σ max = 10, λ 0 being the wavelength in free space [13] . These parameters are used throughout Sections III-A-III-D. 
A. Accuracy Test
To validate the approach, we investigate the scattering of a plane wave with wavelength λ 0 = 1 m at a PEC slab of thickness d = 15 m, as shown in Fig. 2 . In previous theoretical approaches, the slab was assumed to be semi-infinite [6] . In our numerical approach, this is simulated by truncating the slab at 10 m = 10λ 0 and by placing a PML layer at x 0 = 7 m, thus suppressing the contribution of the rightmost edges of the rectangular structure to the field. Fig. 3 shows the relative error (RE) for the total field computed by the novel solver e tot, sim z , compared to a reference geometrical optics (GO) solution e tot,GO z , including reflections and single diffractions [1] (full line). The RE compared to a GO solution also including double diffractions [6] is shown as well (dashed line). At last, the RE compared to a traditional MoM solution, truncating the slab at a sufficiently large distance (100λ 0 , see [3] ), is also shown (dash-dotted line). The RE is defined as
In this example, φ = 135
• . We compare the MoM-PML results against the high-frequency GTD approximation at r = 100 m. We used a λ 0 /50 discretization to accurately model the z-directed surface current proportional to s − 1 3 at the two 90 • edges, s being the distance from the edge. As expected from the theory of slope diffraction, the doubly diffracted field is mainly relevant at φ = 270
• , to compensate for the fast variation of the field that is singly diffracted at the top edge in that particular φ Fig. 4 . Canonical geometry of a pencil-shaped scatterer. The PML truncation layer used in the simulations is also shown.
direction. The RE remains bounded over most of the range of observation angles φ to below 1%.
For this example (2500 unknowns), the solver required 2 min and 19 s to set up the MoM interaction matrix and about 2 s to solve the MoM system on a dual-core machine at 2.66 GHz with 8 GB of RAM. The interaction matrix can be reused for different angles φ , thus allowing a fast evaluation of the diffracted field for different angles φ and φ.
B. Extraction of UTD-Like Diffraction Coefficients
The numerical solver can now be used to derive UTD-like solutions for diffraction problems for which no theoretical UTD solution exists. This is achieved by the following procedure:
1) discretization of the scatterer and solution of the corresponding MoM system by the novel solver; 2) computation of the total field e tot, sim z by integration over the currents; 3) substraction of the incoming field and classical UTD rayoptical contributions (e.g., reflections, single diffractions); 4) description of the remaining field in terms of a numerical diffraction coefficient D num (φ, φ , . . .), such that the remaining field e rem z from step 3 is described by
where P is a well-chosen phase center and r is the distance between P and the observation point.
C. Example 1: Pencil-Shaped PEC Scatterer
We apply the above procedure to numerically derive a diffraction coefficient D num for the plane-wave illumination of a pencilshaped PEC scatterer as shown in Fig. 4 . Due to symmetry, it is logical to choose the phase center P at the front tip of the pencil-shaped scatterer (see Fig. 4 ). UTD contributions due to reflections and single diffractions are subtracted from the numerically derived total field in step 3 of the procedure.
In Fig. 5 , D num is shown for different observation angles φ at a distance r = 6 m from the phase center, for a pencil with parameter d = 2 m and different opening angles β. The angle of incidence of the plane wave is φ = 120
• , and the wavelength is λ 0 = 1 m. Over a large range of observation angles φ, the diffraction contribution remains small, which is clear from the oscillation of D num around zero. Only at observation angles near the shadow transition region, the diffraction contribution gains importance.
D. Example 2: Lossy Dielectric Slab
The method is also applicable to dielectric canonical structures. Again consider the slab of Fig. 2 , where the slab material is now replaced by a dielectric with permittivity . We employ the procedure to derive D num in the far field, only removing the source field and GO reflections in the third step.
The result for a dielectric slab with permittivity = 5 − j0.2 at frequency 1.86 GHz and different thicknesses d, which serves as a model for a lossy brick wall, is shown in Fig. 6 . The slab is excited by a plane wave with φ = 135
• , and the observation points reside at r = 100 m. In a very small window around φ = 225
• , there is a specular reflection contribution that in GO causes a discontinuity. As in UTD, our numerically derived diffraction coefficient nicely compensates this discontinuity.
IV. CONCLUSION
A novel method to numerically compute diffraction coefficients for arbitrary canonical geometries was presented. The method makes use of PML absorbing boundary conditions in an MoM BIE solver to deal with the semi-infinite nature of the canonical geometries. The novel technique was validated for double diffraction of a plane wave at a PEC slab and further used to derive a numerical higher order diffraction coefficients for a geometrically complex PEC canonical structure and a lossy dielectric slab.
